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Abstract 

Let N and P be smooth manifolds of dimensions n and p respectively 
such that n^p^2oTn<p. Let Oe{N,P) denote a /C-invarinat open 
subspace of J°° (TV, P) which consists of all regular jets and singular jets 
z with codim/Cz ^ £ (including fold jets if n ^ p). An O^-regular map 
f : N P refers to a smooth map such that j°° f{N) C Oi{N, P). We will 
prove that a continuous section s of Oe{N,P) over A'^ has an Of -regular 
map / such that s and are homotopic as sections. We next study 
the filtration of the group of homotopy self-equivalences of a manifold P 
which is constructed by the sets of Of-regular homotopy self-equivalences 
for nonnegative integers £. 



1 Introduction 

Let A'' and P be smooth {C°°) manifolds of dimensions n andp respectively. Let 
J'^{N, P) denote the fc-jet space of the manifolds N and P with the projections 
TT^ and TTp onto N and P mapping a jet onto its source and target respectively. 
The canonical fiber is the fc-jet space J'^{n,p) of C°°-map germs (]R",0) 
(RP,0). Let IC denote the contact group defined in [Malll]. Let 0{n,p) denote 
a /C-invariant nonempty open subset of J*'{n^p) and let 0{N,P) denote an 
open subbundle of J'^{N, P) associated to 0{n,p). In this paper a smooth map 
/ : A ^ P is called an O-regular map if //(iV) C 0{N, P). 

We will study what is called the homotopy principle for O-regular maps. 
As for the long history of the several types of homotopy principles and their 
applications we refer to the Smale-Hirsch Immersion Theorem ([Sm] and [H]), 
the Feit fc-mersion Theorem ([F]), the Phillips Submersion Theorem ([P]) and 
the general theorems due to Gromov ([Gl]) and du Plessis ([duPl], [duP2] and 
[duP3]). Furthermore, we should refer to the homotopy principle on the 1-jet 
level for fold-maps due to Eliasberg ([El] and [E2]) (see further references in 
[G2]). 
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Let Cq(N,P) denote the space consisting of all O- regular maps, N ^ P 
equipped with the C°°-topology. Let To{N, P) denote the space consisting of all 
continuous sections of the fiber bundle tt^ \0{N,P) : 0{N,P) N equipped 
with the compact-open topology. Then there exists a continuous map jo : 
C^{N, P) To{N, P) defined by jo{f) = f ■ If the following property (h-P) 
holds, then we say in this paper that the relative homotopy principle on the 
existence level holds for O-rcgular maps. 

(h-P) Let C be a closed subset of N with ON = 0. Let s be a section in 
ToiN, P) which has an O-regular map g defined on a neighborhood of C to P, 
where j'^g = s. Then there exists an C-rcgular map f : N ^ P such that s 
and j'^f are homotopic relative to a neighborhood of C by a homotopy sx in 
ToiN, P) with so = s and si = j''f. 

As important applications of [An7, Theorem 0.1] we will prove the following 
relative homotopy principles in (h-P). Here, S"~P+^'°(n,p) refers to the space 
consisting of all fold jets in j'^(n,p). 

Theorem 1.1 Let n and p be positive integers with n^p^2 or n < p. Let k 
be a positive integer with k ^ n — \n — p\ + 2. Let 0{n,p) denote a IC-invariant 
open subspace of J'^ (n, p) containing all regular jets such that if n ^ p ^ 2, 
then 0{n,p) contains S"~^'+^'°(n,p) at least. Let N and P be connected smooth 
manifolds of dimensions n and p respectively with ON = 0. Let C be a closed 
subset of N. Let s be a section in To{N,P) which has an O-regular map g 
defined on a neighborhood of C to P, where j''g = s. 

Then there exists an O-regular map f : N ^ P such that f is homotopic 
to 8 relative to a neighborhood of C as sections in Tq {N, P) . 

Let p be an integer with p ^ 1. Let Wp denote the subset consisting of 
all z G J''{n,p) such that the codimension of JCz in j''{n,p) is not less than 
p {k may be oo). Let 0'l{n,p) denote a /C-invariant nonempty open subset of 
j''{n,p)\W^_^-^. By applying Theorem 1.1 we will prove the following theorem. 

Theorem 1.2 Let I be a positive integer. Let k ^ max{^ -I- 1, n — |n — p| + 2} or 
k = oo. Let 0^{n,p) denote a IC-invariant open subspace of J^{n,p) containing 
all regular jets such that ifn^p^2, then Og{n,p) contains S"~P+^'°(n,p) at 
least. Then the relative homotopy principle in (h-P) holds for -regular maps. 

It is well known that any smooth map f : N ^ P is homotopic to a smooth 
map g : N ^ P such that j^g is of finite /C-codimension for any x G N (see, 
for example, [W, Theorem 5.1]). 

There have been described many important applications of the homotopy 
principles in [G2]. We only refer to the recent applications of the relative ho- 
motopy principle on the existence level to the problems in topology such as the 
elimination of singularities and the existence of Oj'^-regular maps in [Anl-7] and 
[Sa] and the relation between the stable homotopy groups of spheres and higher 
singularities in [An4]. 

Let P be a closed manifold of dimension p. Let i){P) denote the group of all 
homotopy classes of homotopy equivalences of P. Let f)^(P) denote the subset 
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of 1}{P) which consists of ah homotopy classes of maps which arc homotopic 
to 0(°°-regular homotopy equivalences. In particular, t)o(-P) is the subset of all 
homotopy classes of maps which are homotopic to diffeomorphisms of P. In this 
paper we will prove that the following filtration 

UP) c f)i(P) c • • • c f)e{P) c • • • c m- (1-1) 

is never trivial in general. 

Theorem 1.3 For a given positive integer d, there exists a closed oriented p- 
manifold P and a sequence of positive integers ii, - ■ ■ ,(.d with £j < ij+i for 
^ < j < d such that 

UP) g f)^i(^) g i)eAP) g ••• g i)eAP) ^ W- 

In Section 2 we will review the results on the Boardman manifolds and the 
fundamental properties of /C-equivalence and /C-determinacy which are neces- 
sary in this paper. In Section 3 we will recall [An7, Theorem 0.1] and apply it in 
the proofs of Theorems 1.1 and 1.2. In Section 4 we will study the nonexistence 
problem of -regular maps. In Section 5 we will study the filtration in (1.1) 
and prove Theorem 1.3. 

2 Boardman manifolds and /C-orbits 

Throughout the paper all manifolds are Hausdorff, paracompact and smooth of 
class C°°. Maps are basically smooth (of class C°°) unless otherwise stated. 

For a Boardman symbol (simply symbol) / = (ii, • • • , i^) with n ^ ii ^ ■ ■ ■ ^ 
ik ^ 0, let I]^(n,p) denote the Boardman manifold of symbol / in J^(n,p) which 
has been defined in [T], [L], [Bo] and [MaTB]. Let vl„ = M[[xi, • • • ,a;„]] denote 
the formal power series of algebra on variables a;i, • • • , a;„. Let m„ be its maximal 
ideal and A„(/c) = A^/mi+\ Let z = j^f € J^n,?) where / = {f\ • • • , ) : 
(M",0) (IRP,0). We define X{z) to be the ideal in A„ik) generated by the 
image in A„(fc) of the Taylor expansions of ■ • • , fP. It has been proved in 
[Bo] and [MaTB] that the Boardman symbol I{z) of z depends only on the 
ideal T{z) by the notion of the Jacobian extension. Let T,^{N,P) denote the 
subbundle of j'^{N, P) over NxP associated to 12^{n,p). Let T,l y{N, P) denote 
the fiber of S^(iV, P) over {x, y) € N x P. 

Since codimS*^ (n, p) = {p — n + ii)ii, the following proposition follows from 
[An6, Remark 2.1], which has been proved by using the results in [Bo, Section 
6]. 

Proposition 2.1 Let I = {i\, - ■ ■ ,i() he a symbol such that ii ^ max{n — p + 
1, 1} and T,^{n,p) is nonempty. Then we have 

codimS^(n,p) ^ {p - n + ii)ii + (1/2)S^^2 + !)• 

In particular, if it > 0, then we have codimS''^(n,p) ^ |n — p| 
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Let rt^{n,p) denote the union of all Boardman manifolds S"^(A^, P) with 
J < / in the lexicographic order. We have the following lemma (see [duPl]). 

Lemma 2.2 The space n^(n,p) is open in j''(n,p). 

Let us review the /C-equivalence of two smooth map germs /, g : {N, x) 
{P,y), which has been introduced in [Malll, (2.6)], by following [Mart, II, 1]. 
We say that the above two map germs / and g are /C-equivalent if there exists a 
smooth map germ </> : (iV, x) GL{W) and a local diffeomorphism h : {N, x) 
{N,x) such that f{x) = (j){x)g{h{x)). It is known that this /C-equivalence is 
nothing but the contact equivalence introduced in [Malll]. The contact group 
/C is defined as a certain subgroup of the group of germs of local diffeomorphisms 
[N, x) X (P, y) and acts on J^y{N, P). For a fc-jet z in J^^y{N, P) let Kz denote 
the orbit of K, through z. As is well known, ICz is an orbit of a Lie group. Hence, 
K,z is a submanifold of J^y{N,P). This fact is also observed from the above 
definition. The following lemma is important in this paper. 

Lemma 2.3 The Boardman manifold J^l. y{N,P) in J^y{N,P) is invariant 
with respect to the action of K. 

Proof. Let z = j^f and w = j^g be /c-jets in J!^y{N,P) such that two map 
germs / and g are /C-equivalent as above. Let : ^ be the isomorphism 
defined by /i*((/>) = (/>o/i. By the definition of /C-equivalence we have h^{3{g)) = 
3{f). The Thom-Boardman symbols of j^f and j^g are determined by 3{f) 
and J{g), and are the same by [MaTB, 2, Corollary]. This proves the assertion. 
■ 

Let us review the results in [Malll], [MalV] and [MaV] which are necessary 
in this paper. Let C°° {N, x) and C°° (P, y) denote the rings of smooth function 
germs on (A'', x) and (P, y) respectively. Let and denote their maximal 
ideals respectively. Let / : {N, x) (P, y) be a germ of a smooth map. Let 
/* : C°°(P, y) C°°{N, x) denote the homomorphism defined by /*(a) = aof. 
Let 0{N)rc denote the C°°{N, a;)-module of all germs at x of smooth vector fields 
on (N, x). We define e{P)y similarly for y £ P. Let e{f )^^ denote the C°°(A^, a;)- 
module of germs at x of smooth vector fields along /, namely which consists of 
all smooth germs <; : {N, x) — > TP such that pp o ^ = /. Here, pr : TP ^ P is 
the canonical projection. Then we have the homomorphisms 

tf : e{N), e{f), (2.1) 

defined by tf{uN) = df o um for un G 9{N)x- For a singular jet z = j^f S 
J'^ (iV, P) there has been defined the isomorphism 

T,{Jly{N,P)) mj{f),/ml+^e{f), (2.2) 

in [Main, (7.3)] such that T^{Kz) corresponds to t/(m^6'(iV)^) + /*(my)(^(/)^) 
modulo vci'^'^^9{f)x- We do not here explain the definition. According to [Malll] 
we define rf(/, /C) to be 

6m,m,e{f)x/{tf{mJ{N)x) + /*(m^)(^(/),)), (2.3) 

which is equal to codim/Ca;. 
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3 Proofs of Theorems 1.1 and 1.2. 

In this section we prove Theorems 1.1 and 1.2. 

Lot A; be a positive integer. Let Wp = Wp{n,p) denote the subset consisting 
of all z e J''{n,p) such that the codimension of ICz in j''{n,p) is not less than 
p. The following lemma has been observed in [MaV, Section 7 and Proof of 
Theorem 8.1]. 

Lemma 3.1 Let p be an integer with /> ^ 1. Then Wp is an algebraic subset of 
J''{n,p). 

The order of /C-determinacy is estimated by the codimension of a /C-orbit as 
follows. 

Proposition 3.2 Let k be an integer with k > p. Let z = j'^ f be a singular jet 

in J^{n,p)\Wpj^i. Then z is K-k- determined. 

Proof. It follows from [W, Theorem 1.2 (iii)] that if d =codim/Cz, then z 
is /C-(d + l)-determined. Hence, ii z ^ j''{n,p)\Wp_^_i, then d < p and z is 
/C-fc-determined. ■ 

We define the bundle homomorphism 

d : {7r%nTN) {4_,nTJ'-\N, P)), (3.1) 
di : {n%y{TN) (4)*(TP). 

Let w = j^f e J^^y{N,P) and z = Tr^{w). Then we have j'^-'^f : {N,x) 
{j''-'^{N,P),z) and d{j^-'^ f) : T^N T^{j''-^ {N , P)) . We set 

d,Kv) = (w;,d(/-V)(v)) and (di),Kv) = Kd/(v)). 

Let /' be a symbol of length k. Let K(I1^ ) denote the kernel subbundle of 
{■K%\11^' {N,P))*{TN) defined by 

K(S^')„ = («;,Ker(d,/)). 

The following theorem follows from the corresponding assertion for the case 
A; = 00 in [B, (7.7)]. This is very important in the proof of Theorem 1.1. 

Theorem 3.3 ///' = (ii, • • • , ife_2, 0, 0) and / = («i, ■ • • , ik-2.^), then we have 

d(K(I]^')^) n (Trt 1 {N, P)riT{i:\N, P))^ = {0} 
for any w e T,^'{N,P). 

Let us review a general condition on 0{n,p) for the relative homotopy prin- 
ciple on the existence level in [An7] . We say that a nonempty /C- invariant open 
subset 0{n,p) is admissible if 0{n,p) consists of all regular jets and a finite 
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number of disjoint /C-invariant nonempty submanifolds V'^{n,p) of codimcnsion 
pi (1 < « < (-) such that the fohowing properties (H-i) to (H-v) are satisfied. 
(H-i) y*(n,p) consists of singular fc-jets of rank n, namely, V"^{n,p) C 

E"-'-'(n,p). 

(H-ii) For each i, the set 0{n,p)\{LiJ^^V^ {n,p)} is an open subset. 

(H-iii) For each i with pi < n, there exists a /C-invariant submanifold 
V*(n,p)('=-i) of such that V*(n,p) is open in (7r^_i)-i(y'(n,p)('=-i)). 

(H-iv) If n ^ p ^ 2, then V\n,p) = E"-P+i>0(n,p). 
Here, S"~P+^'°(n,p) denotes the Thom-Boardman manifold in J^{n,p), which 
consists of /C-orbits of fold jets. Let V'^{N, P) denote the subbimdlc of J'^{N, P) 
associated to y(n,p). Let K(y) be the kernel bundle in (7r^)*(TA^)|yi(jv,p) 
defined by K{V% = {z, Ker(d^/)). 

(H-v) For each i with pi <n and any z G V^{N, P), we have 

d(K(F'),) n {4_,\V\N,P)r{T{V\N,P)^''-'^), = {0}. (3.2) 

Then we have proved the following theorem in [An7, Theorem 0.1]. 

Theorem 3.4 Let k ^ n — \n — p\ + 2. Let n^p^2 or n < p. Let 0{n,p) 
denote an admissible open subspace of J'^{n,p). Then the relative homotopy 
principle in (h-P) holds for O-regular maps. 

We set 

V7(n,p) = 0{n,p) n S^(n,p). 

Let J = (ji, • • • , jfe) be a symbol of a singular jet with codimS'^(n,p) < n. If 
A; ^ n — |n — p| + 2, we have by Proposition 2.1 that ik-i = ik = 0- Indeed, if 
ik-i > 0, then 

codimE'^(n,p) ^\n — p\ + k — l^n+1. 
So we set J = (ji,--- ,jk-2,0,0), J* = (ii,--- ,^^-2,0) and 

Vj, (n, p) = Trt 1 {0{n, p))nE^* (n, p) . 

Lemma 3.5 Let J = {ji, ■ ■ ■ ,jk-2, 0, 0) and J* = (ji, • • • ,jk-20) be as above. 
Then Vj{n,p) is open in (7r^_i)~"^(Vj» (n,p)('^~-^^). 

Proof. It is evident that 

E'^(n,p) = (^ti)-i(E'^*(n,p)) and 0{n,p) C «i)-i(7rti(0(n,p))). 

So we have Vj{n,p) C {'K^_i)~^{Vj*{n,pY'^~^^). Since 7r^_i is an open map, we 

have that Vj(n,p) is an open subset of {T^k-i)~^i^J' ('^iP)^'^""^'')- ■ 

Let us prove Theorem 1.1. 
Proof of Theorem 1.1. By Theorem 3.4 it is enough to prove that 0{n,p) 
is admissible. Let J be a symbol of length k. By Lemma 2.3, Vj(n,p) is K.- 
invariant. Wo have that 

(HI) 0(n,p) is decomposed into a finite union of all Vj(n,p), 



6 



(H2) For each symbol J, the set 0{n,p) fl Cl'^{n,p) is an open subset of 

0{n,p), 

(H3) Vj{n,p) is open in (7r^_i)"^(Vj.(n,p)(*=-i)) by lemma 3.5, 
(H4) If n ^ p ^ 2, then 0{n,p) D S"-P+i^"(n,p) by the assumption, 
(H5) Property (3.2) holds for Vj{n,p) by Theorem 3.3 and Lemma 3.5. 
Since 0{n,p) satisfies the properties (HI) to (H5), we have proved Theorem 
1.1. ■ 

We next prove Theorem 1.2. 
Proof of Theorem 1.2. If £ is finite, then it follows from Lemma 3.2 that if 
k > i, then any fc-jet z of J''{n,p)\W^_^-^ is /C-fc-determined and we have 

{nn-H0Hn,p))=0r{n,p). 

Therefore, if A; ^ max{£ + l, n— |n—p| + 2}, then the relative homotopy principle 
in (h-P) holds for 0|-regular maps by Theorem 1.1 and also for O^-regular 
maps. ■ 

Corollary 3.6 Under the same assum,ption of Theorem 1.2, given a map f : 
N ^ P is homotopic to an 0| -regular map if and only if there exists a section 
s G r^fc {N, P) such that Wpos is homotopic to f. 

Corollary 3.7 Let i)e{P) be as in Introduction. Then the homotopy class of a 
homotopy equivalence f : P ^ P lies in f)^(P) if and only if j°° f is homotopic 
to a section in Tof {N, P) . 

Here we give two remarks. 

Remark 3.8 LetW^ denote the subspace ofJ°°{n,p) which consists of all jets 
z such that any smooth map germ, f with z = j°° f is not finitely determined. Let 
W^{N,P) is the subbundle of J°°{N,P) associated to . It has been proved 
(see, for example, [W, Theorem 5.1]) that is not of finite codimension 
in J°°{n,p). Consequently, the space of all smooth maps f : N P with 
j°°/(7V) C J°°{N,P)\W^{N,P) is dense in C°°{N,P). In other words if N 
is compact, then a smooth map f : N ^ P has an integer I such that f is 
homotopic to an Of^ -regular map. 

Remark 3.9 It is very important to study the topology of the space W^j^-^{n,p) 

and obstructions for finding an -regular m,ap. The Thom polynomials related 
to W^_^-^{n,p) have been studied in the dimensions n=p^8 in [OJ and [F-R]. 

4 Nonexistence theorems 

In this section we will discuss the nonexistence of O^-regular maps f : N P. 
Let W^_^^{N, P) denote the subbundle of J''{N, P) associated to W^_^^(n,p). By 
the homotopy principle for O^-regular maps in Theorem 1.2, the existence of 
a section of J''{N, P)\W^,-^{N, P) over N is equivalent to the existence of an 
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0^-regular map. However, it is not so easy to find obstructions associated to 
W^^i{N, P) such as Thorn polynomials of W^_^i{N, P), and so we will adopt a 
method applied in [Anl], [I-K] and [duP4] in this section. 

For let S(n,p; k) denote the algebraic subset of all C°°-nonstable 

A:-jets of J''{n,p) defined in [MaV]. Note that for k' > k, {n^' )-\T,{n,p;k)) = 
T,{n,p; k'). We have proved the following proposition in [Anl, Corollary 5.6]. 

Proposition 4.1 Let k^p+ \ . If 

{p-n + + 1) - p + n) - i'^ ^ n, 

then we have that S'(n,p) C S(n,p;fc). 

In [I-K] the following proposition has been proved, while it has not been 
stated explicitly and the proof has been given in the context without the details. 

So we give a sketchy proof. 

Proposition 4.2 ([I-K]) Let £ be a nonnegative integer and k ^ p + £ + 1. If 

{p-n + + l)-p + n)-i^^n + i, 

then we have thatT,^{n,p) C W^_^-^{n,p). In particular, ifn=p and ^i'^{i — l) ^ 
n + £, then we have that S'(n, n) C W^_^-^{n,n). 

Proof. Take a jet z in S'(n,p) such that z = j^f. Suppose that z ^ W^+i, and 

hence codim/Cz ^ £. By [MalV] there exists a versal unfolding F : (K" xIR^, 0) ^ 
{RP X 0) of / and j^o,o)^ i T.{n + £,p + £;k). Here, we note that j^Qfi^F is 
of kernel rank i. By the assumption and Proposition 4.1 we have 

Y.'{n + £,p + £) C Y.{n + £.,p + £-k). 

This implies j'^^ q-^F £ T,{n + £,p + £; k). This is a contradiction. Hence, z lies 

We show the following proposition by applying Proposition 4.2. 

Proposition 4.3 Let £ be a nonnegative integer and k ^ p+£+l. IfT,^{n,p) C 
W^_^-^{n,p), then we have that for any positive integer m, E*(m + n,m + p) C 

Wf^-^^ (m + n,m + p). 

Proof. Let z = j^f £ T,^{m + n,m + p). Setting a = jlf , we identify a with 
the homomorphism Let Ker(Q;)-'- and Im(a)-'- be the orthogonal 

complement of the kernel Ker(a) and the image Im(a) of a respectively. Let L 
and M be subspaces of Ker(a)-'- and Im(a) of dimension m such that a maps 
L onto M isomorphically. Let L-^ and M-*- be their orthogonal complements 
in Ker(Q!)-'- and Im(ci!) respectively. Then a is decomposed as in the following 
exact sequence. 

^ Ker(a!) ^L®L^® Ker(a) ^ M ® ® lm{a)^ lm{a)^ 
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Let us choose coordinates 

{ui, ■ ■ ■ ,Uj7i)j {Um+lj ■ ■ ■ jUm+n—i) and [Um+n—i+lj ' ' ' jUm+n) 

of L, L-^ and Key:{a), and coordinates 

(yi, • • • ,ym), {y m+1 ) ' ' ' 7 y7n-\-n—i 

) and (?/m+„_i_|_i, • • • , ym+p) 

of M, and Im(a)-'- respectively. Since a maps L onto M isomorphically, 
there exist the new coordinates {xi, ■ ■ ■ , Xm+n) of such that 

^3 — ^i(^i) ■ ' ■ ) Um+n) (1 ^ J < "T') and = Uj {m + l<j<m + ri) 
and that 

Vj ° • • • ,Xm+n) = Xj (1 < i < m). (4.1) 
Setting .'* = (xm+i, ■ ■ ■ , Xm+n), we define the map g : (R", 0) {MP, 0) by 
yj °9{x) = yj o /(O, • • • ,0, *) (m + 1 < j < TO + 

Then / is an unfolding of g by (4.1) and g is of kernel rank i at the origin. We 
next prove by following the argument and the notation used in [MalV, Section 
1] that d{g,K,) is equal to d{f,K). Define tt : 6{f) — > 6{g) by 

(m „ m+p \ m+p „ 

j=l •> 3=m+l y 3=m+l 

where G C°°(M™+", 0), a^- G C°°(R", 0) and a^.(J) = aj(0, • • • , 0, J). We note 
that 

i/(a/ax,) = (a/ay,) o / + Y.T=Z+i{dyt o f/dx,){d/dyt) of (i < j < m), 

tf{d/dx,) = ETJ'r^+iidyt o f/dx,){d/dyt)o / (to + l < j < m + n), 
{9yt°f/dxj){0,--- ,0,x) = {dyto g/dxj){x) {m + 1 < t < m+ p). 

Since 

m 

ytofixi,--- ,Xm+n) -yt°f{0,--- ,0,X) = ^Xubu{xi,--- ,Xm+n), 

u=l 

for some bj G C°°(R™+",0), we have 

m 

%t ° f/dxj - dyt o g/dxj = ^ Xu{dbu/dxj) {m+1 < j <m + n). 

Hence, the assertion follows from an elementary calculation under the definition 
in (2.3). 

Since jgg G T,^{n,p) C Wg_^-^{n,p), we have d{g, K) ^ ^ + 1. Hence, we have 
d{f, K) ^ £ + 1. This shows z G W^^j(to + n,m+p). This is what we want. ■ 
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Let ^ be a stable vector bundle over a space. Let c(S*,^) denote the de- 
terminant of the {p — n + i)-niatrix whose (s, t)-component is the {i + s — t)-th 
Stiefel- Whitney class Wt+g-tiO- n — p and i are even, say n — p = 2u and 
i = 2v, and if ^ is oricntable, then cz(S*,^) expresses the determinant of the 
{v — u)-matrix whose (s, <;)-component is the {v + s — t)-th Pontrjagin class 



v+s—t 



(0- 



Wp-n+2i-l 



Wn-p+1 



and 



P ■ ■ ■ P 



+1 



2v-u-l 



Let Tx denote the stable tangent bundle of a manifold X. If / : AT — » P is a 

smooth map transverse to E'(A^, P) and ^ = tjv — ,f*{Tp), then c(S'', ^) (rcsp. 
Cz(I]*,^)) is equal to the (rcsp. integer) Thorn polynomial of the topological 
closure of (f f )-HT.'(N, P)) ([Po], [Ro] and see also [Anl, Proposition 5.4]). If 
it docs not vanish, then (j''' f )^^{'S'^{N, P)) cannot bo empty by the obstruction 
theory in [St]. Hence, we have the following corollary of Propositions 4.2 and 
4.3. 



Corollary 4.4 Let f : M ^ Q be a smooth map with dimM = m + n and 
dimQ = m+p. Under the same assumption of Proposition 4-2. we assume that 

either 

(i) c(S%rM — f*{TQ)) does not vanish, or 

(ii) M andTM — f*{TQ) are orientable, n — p andi are even anrfcz(S',TM — 

f*{TQ)) does not vanish. 

Then f is not homotopic to any -regular map. 



5 Homotopy equivalences 

In this section we will study the filtration in (1.1) in Introduction by applying 
Corollaries 3.7 and 4.4 and Remark 3.8. 

Let us first review what is called the Sullivan's exact sequence in the surgery 
theory following [M-M] (see also [K-M], [Su] and [Br]). 

In what follows P is a closed and oriented n-manifold. We define the set 5(P) 
to be the set of all equivalence classes of homotopy equivalences f : N ^ P oi 
degree 1 under the following equivalence relation. Let Nj be closed oriented n- 
manifolds and let fj : Nj ^ P be homotopy equivalences of degree 1 (j = 1, 2). 
We say that fi and /2 are equivalent if there exists an /i-cobordism W of A''i 
and N2 and a homotopy equivalence F : {W, Ni U (-A^2)) ^ (P x [0, 1], P x U 
(-P) X 1) of degree 1 such that F\Nj = fj (j = 1, 2). 

Let 0{k) denote the rotation group of R*^ and let Gk denote the space of all 
homotopy equivalence of the {k — l)-sphere S''~^ equipped with the compact- 
open topology. By considering the canonical inclusions 0{k) — > 0{k + 1) and 
Gk Gk+i, wc set O = limfe^oo 0{k) and G = limfe^oc Gk- Let BO and BG 
denote the classifying spaces for O and G. Then we have the canonical maps 
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7r(m) : BO{m) BG{m) and tt : BO BG, which arc regarded as fibrations 
with fibers G{m)/0{m) and G/O respectively. For a sufiiciently large number 
m, let r]o(m) denote the universal vector bundle over BO{m) and let ic/o '■ 
G{m)/0{m) BO{m) be the inclusion of a fiber. Set ??g/o = (*G/o)*'7o(m)- 
Then 1)0/0 has a trivialization tc/o '■ ^G/O ^ a-s a spherical fibration. 

We next recall the surgery obstruction s^^ : [P,G/0] ^ Z only in the case 
of n = Aq. For [a] G [P, G/O] let 77 = q:*(?7g/o) with the canonical bundle map 
oi : Tj ^ TjG/o covering a and the projection tt^ onto P. We deform tc/o ° ^ 
to a map transverse to e and let M be the inverse image of with a 
map TT^IM : M ^ P of degree 1. Wc define 5£/[a]) = (1/8)((t(M) - cr(P)). 
If P is simply connected in addition, then there have been defined an injection 

: <S(P) [P, G/O] such that if 54(j([a]) = 0, 7r^|M is deformed to a homotopy 
equivalence f : N ^ P oi degree 1 under a certain cobordism. The following is 
the Sullivan's exact sequence. 

S{P) [P, G/O] ^ Z 

Let us recall the cobordism group fijj"''' of homotopy equivalences of degree 
1 in [An5]. Let Nj and Pj be oriented closed n-manifolds and let fj : Nj Pj 
be homotopy equivalences of degree 1 (j = 1,2). We say that /i and /2 are 
cobordant if there exists an oriented (n + l)-manifold W, V and a homotopy 
equivalence F : {W,dW) (V^dV) of degree 1 such that dW = Ni U {-N2), 
dV = PiU (-P2) and F\Nj = fj. The cobordism class of / : iV P is denoted 
by [/ : AT — > P]. Let denote the set which consists of all cobordism 

classes of homotopy equivalences of degree 1. We provide with a module 

structure by setting 

. [/i : Ni ^ Pi] + [/2 : iVa ^ P2] = [fi U /a : iVi U iVa ^ Pi U P2], 

.-[f:N^P]^[f:{-N)^{-P)]. 
The null element is defined to be [/ : — > P] which bound a homotopy equiv- 
alence F : (W, dW) (V, dV) of degree 1 such that dW = N, dV = P and 
P|A^ = /. Even if P is not simply connected, we can find fi : Ni ^ Pi with Pi 
being simply connected in the same cobordism class by killing ni{N) « 7ri(P) 
by usual surgery. 

Let cq(S^*, 77(3/o) denote the image of Cz(S^*, r/g/o) in iP** {G/0;Q). Let 
a = j^{[f : A'' P]) and let cp : P ^ BSO be a classifying map of the 
tangent bundle TP of P. Then it induces the homomorphism €21 ■ ^'iq^'^ — * 
Hiq-ii2{G/0;Q) defined by 

C2i([/ : AT ^ P]) = CQ(E2\r?G/o) n a([P]) 
= CQ(S2\r?G/o) ® 1 n (a X cp)4[P]), 

under the identification 

H^q-ii- (G/O; Q) = i?4g-4i2 (G/O; Q) ® 1 
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in Sj4 Hij{G/0; Q) H4g_4i2_4j{BSO; Q). We have that 



C2,(a) =CQ(s2\,7G/o)n(a),([P]) 

= CQ(S2\,yG/o)n(ao/),([7V]) 

= (a o /),((« o /)*(cq(S2% r?G/o)) n m 

= {a o /),(cz(S'',t;v - r (rp)) n [iV]). 

Furthermore, we have proved in [An5, Theorems 3.2 and 4.1] that for integers 
q and i with q^i^ ^1, 

dimn^-^7(0^-"'' n Ker(C2i)) Q = dimif4q_4i2 {BSO; Q). (5.1) 

The following theorem follows from (5.1), Proposition 4.2 and Corollary 4.4. 

Theorem 5.1 Let I, q and i be integers with £ ^ and q ^ i'^ . Let k ^ 
4q + i + 1. There exists a cobordism class [f : N —> P] G ^'ig^'^ such that 
Cz(S^*, Tjv — f*{Tp)) is not a torsion element and that if Ai^ — 2i^ ^ 4g + ^ ^ 
4i^ + 1, then f is not cobordant in ^'ig^'^ to any -regular map. 

Wc can prove the following theorem using Theorem 5.1 by applying the same 
argument in the proof of [An5, Theorem 0.2]. However, Theorem 1.2 is very 
important in the following and the situation is rather different. Therefore, we 
give its proof. 

Theorem 5.2 Let I, q and i be given integers with 1^0 and q ^ . Let 

k ^ 8(? + £ + 1. If Ai^ - 21^ ^ Aq + £ ^ Ai^ + I, then there exists a closed 
connected oriented 8q-manifold P and a homotopy equivalence f : P ^ P of 
degree 1 such that cz(S^*, Tp — f*{Tp)) ^ and that f is not cobordant in ^^g^'^ 
to any -regular homotopy equivalence of degree 1. 

Proof. It follows from Theorem 5.1 that there exists a homotopy equivalence 

f : N ^ P oi degree 1 between 4(7-manifolds such that cz(S^',TAr — /*(tp)) is 
not a torsion element. Let f~^ : P ^ N he a homotopy inverse of /. Define 
g:NxP^NxPhy g{x,y) = {f-'^{y), f{x)). We have A; > dimATxP + ^+l. 
If we prove that cz(S^*, t^xp — g*{TNxp)) does not vanish, then, by Corollary 
4.4, g is not homotopic to any O^-regular map. We set ^ = tnxp — g*{TNxp) = 
tnXtp- r (rp) X (/-1)*(tjv). Then 

PjiO = E P^(^^ ^ rp)p,{f*{Tp) X if-'riTM)) 

s+t=j 

= E E PsArNM*irp))^Ps.irp)Pt,{{f-'nrN)) 

«+*=^' Si+S2=S 
tx+t2=t 
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modulo torsion in H*{N;Z) H*{P;Z). The term of Pj{^) which hes in 
H'^^{N; Z) (g) H"{P; Z) is equal modulo torsion to 

J2 Psi^N)Ptif*iTp)) 1 = Pj{TN - /* (rp)) 1. 

s+t=j 

Hence, we have that czCS,"^^ ,tnxp^9*{tnxp) is equal to the sum of cz(S^% tat — 
/*(rp)) ® 1 and the other term which lies in T,f^-^^H^'^-'^^ {N;Z) ® H^^{P;Z) 
modulo torsion. Since cz(S^',TAr — f*{Tp)) does not vanish, it follows that 
czi^?"^ ,TNxP — 9*{tnxp)) docs not vanish. This completes the proof. ■ 

We are now ready to prove Theorem 1.3. 
Proof of Theorem 1.3. In the proof k refers to a sufficiently large integer. 
Let zq = 2, which is the smallest integer such that — 2?;^ ^ with (7 = 4 
and £ = 8. Then we have, by Theorem 5.2, a closed connected oriented 8 • 4- 
manifold Pq and a homotopy equivalence /o : Po — > Po of degree 1 such that 
cz(E^, rp,-, — ./o (tpj,)) ^ and that /o is not homotopic to any Og-rcgular map. 
By Remark 3.8 there exists an integer £ such that /o is homotopic to an O^- 
regular map. Let f i be such a smallest integer. 

Wc assume the following (A-t) for an integer t ^ 0, where f.^ = 8. 

(A-t) We have constructed integers it, it+ij hj a closed oriented 8-z|-manifold 
Pt and an 0( -regular homotopy equivalence : ^ of degree 1 such 
that 4if - 2ii% 4i2 + ^^^^ > cz(S2^*, tp, - /^(tpJ) and that ft is 
not homotopic to any O^^^ -regular map. 

Under the assumption {A-t) we prove {A-{t + 1)) with it+i < (-t+i- Let Zt+i 
be the smallest integer among the integers z > with Ai^ — 2i^ ^ 4?'^ + li+i. 
Then it follows from Theorem 5.2 that there exist a closed connected oriented 
8 • i(_|_i-manifold Pt+i and a homotopy equivalence ft+i : Pt+i — > Pt+i of degree 
1 such that cz(S^*' , Tpj^j — /*+i(tP(^i)) ^ and that /t+i is not homotopic to 
any O^^^^^ -regular map. It follows Remark 3.8 that there exists an integer £ such 
that /t+i is homotopic to an O^-regular map. Let £t+2 be the smallest integer 
among those integers t. Hence, we have £t+2 > £t+i- This proves (A-(t -|- 1)). 

Thus we have defined the sequences {it}, {£t}, closed connected oriented 
manifolds {Pt} of dimensions {8 ■ if} and homotopy equivalences {ft} of degree 
1 which satisfy the above properties. 

Given a positive integer d, let 

P = Po X Pi X Pa X • • • X Pd, 

Ft = idpg X • • • X idpj_i x ft x idp^^^ x ■■■ x idp^ (0 ^ i ^ d), 

and p ^ Y.Lo^ ■ We show that Ft ^ l)i,iP) and Ft G i)e,+AP)- Let 
: P — > Pt be the canonical projection. Then the stable tangent bundle rp is 
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isomorphic to qoirpo) ® (rpj © • • • ® qaiTPd)- Hence, tp - fi*(rp) is equal to 
Qoirpo) e QiirpJ © • • • © gS(TpJ 

- {{qo o Ft)*(Tp„) © (gi o FtTirp,) © • • • © (g^ o i^t)*(TpJ) 

= qoirpo) © '?i*(^Pi) © • • • © gK^pJ 

- (9o(^Po) © • • • © 9t-l(^Pt-i) © (/t ° 5t)*(^pJ © • • • © 5d(^Pa)) 
= 9t*(rpJ-(/tog,)*(rpJ 

= 9r((TpJ-/;(rpJ). 

This shows that 

Cz(S2^%Tp - F^irp)) = cz(S2^Sg:((rpJ - /;(rpj) 
= g;(cz(S2'Srp,-/;(TpJ), 

which does not vanish in iJ^** {P]^) since cz(S^'',Tpj — ft{TPt)) 7^ and since 
: iJ^** {Pt\ Z) ^ i/^** (P; Z) is injective. Furthermore, it follows from Propo- 
sition 4.3 that S^'*(p,p) c Wf^-^^{p,p) and from Corollary 4.4 that Ft is not 
homotopic to any -regular map. However, since ft is homotopic to an Of^^j- 
regular map, Ft is also homotopic to an O^^^^ -regular map. This proves the 
theorem. ■ 

Wc prepare further results which arc necessary to study the filtration in 
(1.1). The assertions (i) and (ii) in the following theorem have been proved in 
[An2, Theorem 4.8] and [An4, Theorem 4.1] respectively, which are applications 
of the relative homotopy principles for O-regular maps. 

Theorem 5.3 Let P he orientable and f : P ^ P be a smooth map. 

(i) A map f is homotopic to a fold-map if and only if tp is isomorphic to 

rirp). 

(ii) If a map f is fl^-regular, then f is homotopic to an fl^^'^''^^ -regular map. 

Let V{n,p) be an algebraic set of J''{n,p) which is invariant with respect 
to the actions of local diffcomorphisms of (R",0) and (R",0) and Let V{N,P) 
be the subbundle of J''{N,P) associated to V{n,p). By [B-H] we have the 
fundamental class of V{N,P) under the coefficient group Z/2, and have the 
Thom polynomial c{V{n,p), tn - /*(rp)) of V{N, P). 

Theorem 5.4 Let V{p,p) be as above. Let P be orientable and f : P ^ P be 
a smooth map. 

(i) If f is a homotopy equivalence, then c{V{p,p),Tp — /*(tp)) vanishes. 

(ii) cz{W^{p,p), TP - f*{Tp)) = for p = 5,6,7 and 

c^WiiS, 8), TP - r (tp)) = 9P2(rp - /* (tp)) + SP^tp - /* (tp)) 
for p = 8. 

(Hi) Let 2 ^p ^8. Then there exists a section s of Op_i{P, P) over P with 
TTpOs and f being homotopic if and only if cz{Wp {p, p) , tp — /*(tp)) = 0. 
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Proof, (i) Let S{i'p) denote the spherical normal fiber space of P. It follows 
from [Sp] that S{i'p) is equivalent to f*{S{i'p)). Hence, the associated spherical 
spaces of rp and f*{Tp) are equivalent. In particular, the Stiefel- Whitney classes 
of Tp — f*{Tp) vanish. 

(ii) If p ^ 8, then a map f : P ^ P is homotopic to a smooth map with 
only /C-simple singularities by [MaVI]. According to [F-R], the integer Thorn 
polynomial of Wp {p, p) is equal to the formula for p = 8 and vanish for p = 5, 6, 7 
in HP{P;Z) « Z. 

(iii) It follows from the relative homotopy principle for O^Li -regular maps 

P ^ P that the primary obstruction in HP{P;Trp-i{Op_i{p,p)) is the imique 
obstruction for finding the required section. By an elementary argument we 
have 

7rp_i(0^_i(p,p)) « ifp_i(0^_i(p,p);Z) « H^''^'^S^P'P\W^{p,py,Z). 

This shows the assertion. ■ 

Finally we study the filtration in (1.1) in the case of P being orientable and 
p ^ 8 by applying the homotopy principles in Theorems 1.2 and 5.3. We have 

UP) = m- 

Examples. 

Case: 3; ()o(P) C f)i(P) = f)(P). 

Since P is parallelizable, TP and f*{TP) are trivial. So a map f : P —> P 
is homotopic to a fold-map. Wo refer the reader to [Ru, 1]. 

Case: p = 4; i)o(P) C t)i(P) C ^P) = UP) C UP)- 

It is known that Cz(S^; rp — /*(tp)) = P2{tp — /*(tp)). If this class van- 
ish, then there exists a section P n^{P,P) covering /, and hence an H,^- 
regular map by [F]. By Theorems 5.3 and 5.4 we obtain an ri'^^'^-'^^-regular 
map homotopic to /. It has been proved in [Ak] that i)o{P) ^ f)(-P) for 
P = S^ X S^#S^ X S^. 

Case: 5^p^7; f)o(P) C C • • • C f)p-i(P) = UP)- 

This follows from Theorems 1.2 and 5.4. 

Case: p ^ 8; UP) C [)i(P) C • • • C UP) C UP)- 

If 9P2(rp - /*(tp)) + 3PI{tp - f*{Tp)) = 0, then the homotopy class of / 
lies in f}7(P) by Theorems 1.2 and 5.4. 

For more precise information we must investigate the obstructions for finding 
sections in rQk{P,P) related to W^_^-^^{p,p). 
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